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Abstract

Strong diffusional mixing and short delivery times typical for micrometer and sub-micrometer reaction volumes
lead to a special situation where the turnover times of individual enzyme molecules become the largest characteristic
time scale of the chemical kinetics. Under these conditions, populations of cross-regulating allosteric enzymes form
molecular networks that exhibit various kinds of self-organized coherent collective dynamics. Q 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction

A living cell is a tiny chemical reactor where
tens of thousands of chemical reactions can si-
multaneously go on. The very fact that these
reactions proceed in a regular and predictable
manner, despite thermal fluctuations and varia-
tions in environmental conditions, already indi-
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cates a high degree of organization in this system.
The biochemical activity of a cell can be com-
pared with operation of a large industrial factory
where certain parts are produced by a system of
machines. Products of one machine are then used
by other machines for manufacturing of their
products or for regulation of their functions.

Two possible modes of operation of such a
factory can be imagined. In the asynchronous
mode, the parts produced by all machines are first
deposited and accumulated in a common store.
They are taken back from this store by other
machines, when the parts are needed for further
production. This kind of organization is not how-
ever optimal, since it requires large storage facili-
ties and many transactions. It becomes deficient
when intermediate products are potentially un-
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stable and can easily be lost or damaged during
the storage process.

When the synchronous operation mode is em-
ployed, the intermediate products, required for a
certain operation step in a given machine, are
released by other machines and become available
exactly at the moment when they are needed.
Hence, large storage facilities are eliminated and
the entire process may run much faster.

For a living cell, the role of the ‘machines’ is
played by individual enzyme molecules. The ‘parts’
are intermediate product molecules, which may
also serve to allosterically regulate the catalytic
activity of other enzymes. Some time ago, we have
suggested that under certain conditions the
biochemical subsystems of a cell may operate in

w xthe synchronous mode 1]5 . When this occurs,
the entire population of reacting and interacting
molecules can be viewed as a highly connected
dynamic molecular network.

The synchronous manufacturing process im-
plies much more complicated management than
the asynchronous operation mode. In a real fac-
tory, this is achieved by careful planning and
detailed external control of the production. Such
a rigid external control at a molecular level inside
a cell is however impossible. The coherence, un-
derlying the synchronous production, emerges in
this case as a natural consequence of interactions
between individual elements, i.e. it represents a
special kind of self-organization phenomena. Re-
markably, the predictable coherent operation of
the complex molecular machinery must be main-
tained under very stringent conditions, when
strong thermal fluctuations are present and the
parts needed in the assembly lines of the cell are
often transported just by random Brownian mo-
tion of molecules.

If the asynchronous mode is employed, func-
tioning of an industrial factory is well described
by a scheme indicating involved machines, inter-
mediate products, and performed operations. If,
furthermore, the operation rates of the machines
and the rate of supply of the initial raw materials
are known, the efficiency of the factory, i.e. its
overall production rate, can easily be estimated.

In contrast to this, fine dynamical coordination

of different operations in the synchronous mode
requires much more detailed information about
properties of individual machines and their oper-
ation cycles. Such system parameters as the time
needed for transportation and delivery of inter-
mediate products and the duration of a single
machine cycle become significant. Moreover, the
mechanistic details of individual machine cycles,
such as, for example, the moment inside a cycle
when the product is released and the duration of
the subsequent recovery phase of the machine
leading to full restoration of its operation capac-
ity, are already important.

For a biochemical system, the asynchronous
operation mode corresponds to the classical ki-
netic regime. This regime can indeed be com-
pletely characterized by its reaction scheme and
by the information about rate constants of ele-
mentary reaction steps. The above arguments
show, however, that the knowledge of the reac-
tion scheme and of the rate constants would not
be sufficient to describe non-classical syn-
chronous kinetics. When this different regime is
realized, properties of molecular turnover cycles
in individual enzyme molecules become equally
essential in determining the system performance.

The self-organization processes, leading to
emergence of coherent molecular networks, are
different from the self-organization phenomena
in classical reaction-diffusion systems. The latter
typically lead to the appearance of complex spa-

w xtiotemporal patterns 6 or to the development of
w xslow kinetic oscillations 7,8 . They are not, how-

ever, characterized by the presence of rigid mi-
croscopic correlations between individual molecu-
lar reaction events which represent a distinctive
feature of a molecular network.

Indeed, slow oscillations may also develop in
the considered above factory operating in the
asynchronous regime. They would then mean that,
as a result of a dynamic instability, the amounts
of various intermediate parts in the store are
slowly changing with time, on the characteristic
temporal scales which are much longer than the
duration of operation cycles of individual involved
machines. The appearance of such oscillations
does not, of course, influence the principal func-
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tional organization of the production process and
does not lead to rigid correlations between indi-
vidual machine cycles.

Emergence and functioning of molecular net-
works refers, therefore, to a different form of
self-organization which is expressed at a level of
correlations and synchrony in terms of individual
molecular dynamics of a reacting population of
molecules.

In the next section we formulate the conditions
under which a population of allosteric enzyme
molecules may constitute a molecular network.
An example of a simple enzymatic reaction ex-
hibiting a transition to the microscopically coher-
ent kinetic regime is considered in Section 3.
More general questions of synchronization in sys-
tems formed by interacting networks are analyzed
in Section 4. The last section contains a discus-
sion of obtained results and of their significance
for molecular biology of a cell.

2. Emergence of molecular networks

The conditions for microscopic self-organiza-
tion of chemical reactions in small spatial volumes
are determined by relations between principal
time scales of the involved physical and chemical
processes. Estimates of these time scales can be
obtained by considering a biochemical system
formed by enzyme molecules whose activity is
allosterically regulated by intermediate product
molecules of a smaller molecular weight.

We assume that the reaction proceeds in a
small compartment representing a single globular
volume filled with liquid. The molecules inside
the compartment perform random diffusive mo-
tion described by the Fick law.

The mixing time, t , is defined as the timemix
after which a regulatory molecule, released at
some point in the volume, can be found with
equal probability anywhere inside it. If the volume
has the linear size L and the diffusion constant of
the regulatory molecules is D, the mixing time
can be estimated, in the order of magnitude, as

2 Ž .t sL rD 1mix

Another important characteristic time of the

process is the traffic time, t , which is definedtraffic
as follows: suppose that we have released a regu-
latory particle somewhere inside the volume that
contains only one target enzyme molecule. Then
t represents the characteristic time aftertraffic
which the regulatory particle will find this enzyme
molecule and bind itself to the atomic target
group on its surface.

It should be noted that the last stage of this
process could actually be quite complicated and
involve docking by electrostatic interactions and
two-dimensional diffusion of the regulatory
molecule over the surface of the enzyme until the

w xtarget site is reached 9,10 . In our simple treat-
ment we neglect all these possible complications
and assume that the regulatory molecule per-
forms free Brownian motion in the volume until it
touches a small target of radius R attached to the
surface of the enzyme molecule. Once touching
has occurred, the regulatory molecule becomes
bound to the target site.

Because the molecular weight of enzymes is
larger than that of the regulatory molecules, the
targets can be viewed as immobile. Under these
conditions, the characteristic traffic time can be
estimated using the concepts of the theory of

w xdiffusion-controlled reactions 11,12 . In the order
Ž w x.of magnitude, it is given by cf. 3,13,14 :

L3
Ž .t s 2traffic DR

Žwhere R is the radius of a target if the size of the
atomic target group in the enzyme is comparable
to the size of a regulatory molecule, it should be

.replaced by the sum of the two respective radii .
The traffic time is related to the mixing time as

Ž .t ; LrR t .traffic mix
To obtain numerical estimates of mixing and

traffic times, we take Rs1]10 nm as the charac-
teristic size of the atomic target group and Ds
10y5 ]10y6 cm2rs as the diffusion constant of the
regulatory molecules. For a compartment of size
Ls1 mm this yields the mixing time t s1]10mix
ms and the traffic time t s0.1]10 s. Fortraffic
smaller compartments of size Ls0.1 mm the
estimates are t s0.01]0.1 ms and t smix traffic
0.1]10 ms. We see that the traffic time depends
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Žstrongly on the compartment size as the cube of
.L . This high sensitivity on the volume size al-

ready indicates that one should expect very spe-
cial kinetic regimes inside small cells and cellular
compartments.

The traffic time shows the time needed for a
regulatory molecule to find a given molecular
target. If the volume contains N such targets and
they are independently and randomly distributed
inside it, the transit time needed by a regulatory
molecule to find one of the targets can be esti-

Ž .mated as t s 1rN t or explicitly as:transit traffic

L3
Ž .t s 3transit N DR

Ž .1r2Note that L s Dt yields the meancorr transit
distance passed by the regulatory molecule before
it finds a target and this characteristic length can
be considered as the correlation radius of the
reaction. This distance can be compared with the
linear size L of the reaction volume.

When L4L , the target will be found in acorr
close proximity of the point where the regulatory
product molecule has been released. Since the
regulatory molecules, conveying information
about the reaction events, are trapped in this case
not far from the points where they have been
produced, they cannot maintain long-range corre-
lations in the reacting system.

A completely different situation is found if the
condition L-L is satisfied. Now, the firstcorr
target is found by the regulatory molecule only
after it has traveled extensively through the reac-
tion volume and has crossed it many times. It
means that the regulatory molecule would be
able, with equal probability, to find any of N
enzymes in the population, no matter where they
are located inside the volume.

The latter condition can also be expressed in
terms of the characteristic times of the diffusion
problem, i.e. can be written as:

Ž .t < t 4mix transit

When the transit time is much larger than the
mixing time, the first target is found with equal
probability anywhere in the volume.

Ž .According to Eq. 3 , the transit time is in-
versely proportional to the total number N of

Ženzyme molecules. Therefore, the condition Eq.
Ž ..4 can be satisfied only for sufficiently small
numbers of the enzymes. By putting t s t ,mix transit
we derive the estimate for the critical number of
the enzyme molecules:

L Ž .N s 5cr R

Thus, it is controlled in the order of magnitude
only by two parameters: the linear size L of the
reaction volume and the radius R of the atomic
target group on the surface of the enzyme
molecule. When the number N of enzyme
molecules is less than N , the product-mediatedcr
allosteric interactions between enzymes extend

Ž .over the entire reaction volume. Note that Eq. 5
yields the critical enzyme concentration

1 Ž .c s 6cr 2L R

which decreases with the linear size L of the
volume.

Taking Rs1]10 nm as the characteristic size
of an enzyme target group, we see that the critical
number of enzyme molecules in the volume of
size Ls1 mm is N s100]1000, which corre-cr
sponds to the enzymic concentrations of c scr
10y7 ]10y6 M. For a smaller compartment of size
Ls0.1 mm we obtain N s10]100 and c scr cr
10y5 ]10y4 M.

The above characteristic diffusion times can be
compared with the duration t of a single cat-0
alytic molecular cycle. This time has not been
directly measured but some estimates of its mag-
nitude could be obtained by measuring the maxi-
mal turnover rate of an enzymic reaction. It is
believed that this rate, reached under the condi-
tion of the substrate saturation, is controlled only

w xby the molecular turnover 10 . Hence, t can be0
roughly estimated as the inverse of the maximal
turnover rate. Thus derived, the estimates for t 0
may range, depending on a particular enzyme,
from as small as fractions of a microsecond to

w xseveral seconds 15 . If we consider relatively slow
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enzymes, the typical values would lie in the inter-
val t s10]100 ms.0

These characteristic microscopic molecular
times can be compared with the characteristic
diffusion times of the reaction. For the reactions
in micrometer and submicrometer volumes in-
volving hundreds or thousands of enzyme
molecules this time may be much larger than
both the mixing and the transit times in the
reaction volume,

Ž .t 4 t 4 t 70 transit mix

This is a remarkable result. In a macroscopic
system, all characteristic kinetic times of a chemi-
cal reaction are usually much longer than the
duration of a single molecular reaction event and
therefore these events can be treated as instanta-
neous. This forms the basis of the traditional
kinetic theory formulated in terms of the Markov
random processes. We see, however, that in very
small spatial volumes for enzymic chemical reac-
tions the opposite limit may be realized, so that
the characteristic times of internal molecular dy-
namics of the enzymes become larger than the
kinetic times of the reaction. When this occurs,
the theoretical description of a chemical reaction
should be essentially modified.

The considered system can be viewed as a
population of active macromolecules that operate

w xlike molecular machines 16 . Each internal
molecular cycle of an enzyme results in the con-
version of a substrate molecule into a molecule of
the product. The cycle represents a sequence of
conformation changes that can be understood as
continuous motion along an internal reaction
coordinate. For allosteric enzymes, the molecular
cycles can be externally controlled by binding of
regulatory molecules. Generally, arrival of a regu-
latory molecule can lead either to acceleration or
slowing down at some stages of a molecular cycle.

When regulatory molecules are produced by
enzymes in the same population, this leads to

Ž .interactions or communication between the cy-
Ž .cles of different enzyme molecules. If Eq. 7

holds, the characteristic transport times of regula-
tory molecules between the enzymes are short as
compared with the molecular cycle duration. Fur-

thermore, if the transit time is larger than the
mixing time in the volume, a regulatory molecule
released by a given enzyme can influence, with
equal probability, the catalytic cycle of any other
enzyme in the population. We have earlier sug-

w xgested 5 that such interacting populations of
active macromolecules should be called ‘molecu-
lar networks’.

In the presence of strong allosteric interac-
tions, the internal dynamics of individual enzyme
molecules in such a network can be so signifi-
cantly influenced by the dynamics of other en-
zymes that the whole system would perform
coherent collective evolution in the multidimen-
sional phase space of internal reaction coordi-
nates, i.e. behave as a single dynamical object.
This coherence would be manifested in rigid cor-
relations between the individual catalytic cycles
and the moments when the product molecules are
released by different enzymes.

3. Coherent molecular dynamics

To show the possibility of a transition to coher-
ent collective behavior of an enzymic population,
we consider the reaction

Ž .SqEªESªEqP, Pª0 8

where binding of substrate S by enzyme E is
allosterically activated by product P. If the subs-
trate concentration is kept constant, this reaction

w xdoes not exhibit macroscopic rate oscillations 7 .
However, in small spatial volumes for sufficiently
high intensities of the allosteric regulation peri-
odic spiking of the catalytic activity of the whole
enzymic population can develop. This spiking is a
result of the synchronization of individual molec-
ular cycles and thus represents an effect of coher-
ent collective molecular dynamics.

ŽThe molecular mechanism of the reaction Eq.
Ž ..8 includes several stages. An enzyme molecule
E binds a molecule S of the substrate and the
substrate-enzyme complex ES begins a sequence
of conformational changes that ends, after time
t , in the release of the product molecule P.1
When the product molecule has left, the confor-
mation of the enzyme molecule returns to the
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initial state. This recovery stage takes time t 2
during which binding of a substrate molecule
cannot occur. Hence, only after the time t st0 1
qt , which represents the duration of a molecu-2
lar catalytic cycle, the enzyme molecule can begin
a new cycle. Note that thus the molecular cycle
has much in common with the sequence of transi-

w xtions in an excitable neuron 17 .
Fig. 1 schematically shows an individual enzy-

matic molecular cycle. The small black circle rep-
resents the enzyme in the initial ground state, the
red circle indicates the enzyme that has bound a
substrate molecule and goes through a sequence
of changes that would lead to the release of the
product molecule. The enzyme releasing the
product molecule is represented by a white circle.
The enzyme going through the subsequent recov-
ery stage is shown as a blue circle.

The initial binding of a substrate molecule is
allosterically regulated. We assume that the
probability of binding of a substrate by an enzyme
in its resting conformation is small. It becomes
however greatly increased if an additional regula-
tory molecule is bound to a different site on the
surface of the enzyme and this, by means of
cooperative interactions within the enzyme
macromolecule, facilitates the binding of the sub-
strate. It is assumed that the enzyme has only one
binding site for a regulatory molecule and its
binding can only take place when an enzyme is in
its resting state, i.e. when the previous catalytic
cycle is finished. The regulatory molecule departs
from the enzyme when the catalytic cycle begins.

Ž .In the considered hypothetical reaction 8 , the
regulatory role is played by the product molecules
and thus the reaction is effectively autocatalytic.
The product molecules decay and therefore their
lifetimes are finite. To exclude immediate trigger-
ing of a new molecular catalytic cycle by the
product molecule that has just been released by
the enzyme, we assume that the lifetime of a
product molecule is shorter than the molecular
recovery time t . Under this condition, the2
product molecules can usually execute their regu-
latory roles only by traveling through the volume
and initiating the catalytic cycles of other en-
zymes in the population. If g is the decay rate of

product molecules, this condition can be ex-
pressed as gt )1.2

Because of thermal molecular fluctuations, the
cycle duration would have a certain statistical
dispersion. Apparently, the relative magnitude of
this dispersion may strongly depend on the reac-
tion conditions and the particular kind of en-
zymes. In our analysis, we consider a situation
when this statistical dispersion is weak, i.e. the
statistical variations of the period t are small as0
compared with its mean value. Under this as-
sumption, the cycle can be approximately de-
scribed as deterministic motion along a certain
internal ‘reaction coordinate’. The motion begins
after binding a substrate molecule and ends when,
after releasing the product, the enzyme returns to
its original state. This cycle has a fixed duration
t .0

It is convenient to introduce the phase variable
f which would characterize motion along the
cyclic reaction coordinate. This variable is defined
as the relative time needed to reach a given
molecular state by moving along the reaction
path. In the initial substrate-free state fs0. The
product molecule is released at the state with the
phase fst rt . The cycle ends when the phase1 0

Ž .reaches the value fs t qt rt s1.1 2 0
Using this concept, the dynamics of a single

enzyme molecule can be described as operation
of an automaton, similar to that used by Wiener
and Rosenblueth in their modeling of individual

w x Ž w x.neurons 17 see also 18 . We have constructed
the automaton model of the considered reaction

w xin our previous publications 4,5 .
The model includes the parameters a and a0 1

that characterize binding rates of a substrate
molecule by a single molecule of the enzyme. The
parameter a determines the probability per unit0
time of spontaneous non-activated binding of a
substrate molecule. The parameter a represents1
the probability that, if the compartment contains
a single regulatory product molecule, this
molecule would lead per unit time to an activated
binding of the substrate molecule by a given
enzyme molecule.

For convenience, the time is divided in this
model into small discrete steps Dt. The probabili-
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Fig. 1. Schematic representation of a single molecular turnover
cycle. The black dot indicates the enzyme molecule in the
initial free state. The red circle indicates a sequence of states

Žcorresponding to the substrate-enzyme complex this sequence
.has the duration t ; the product is released from the state1

shown as the white circle; the blue circle indicates a sequence
Ž .of recovery states of duration t leading to the return of the2

enzyme to its initial state.

ties per a single time step of non-activated and
activated substrate binding events are therefore
been given by w sa Dt and w sa Dt. The0 0 1 1
decay probability of a product molecule per a
single time step is gsgDt.

In the discrete approximation, an individual
cycle consists of Kst rDt and the product0
molecules are released after K st rDt time1 1
steps from the cycle initiation. Each automaton
corresponds to a single enzyme and has K inter-
nal states described by the integer phase variable
F. The state of the automaton i at the next
discrete time moment T is determined by the

w xalgorithm 4,5 :

Ž . Ž .¡F T q1, if 0-F T -Ki i

Ž .0, if F T sKi

Ž .1, with probability w m ,~Ž . Ž .F Tq1 s 9i Ž .if F T s0i

Ž .0, with probability 1yw m ,¢ Ž .if F T s0i

The probability w of cycle initiation depends on
the number m of product molecules in the reac-
tion volume:

mŽ . Ž .Ž . Ž .w m s1y 1yw 1yw 100 1

Fig. 2. Asynchronous molecular dynamics of the allosteric
Ž Ž ..enzymatic reaction Eq. 8 for a population of Ns400

enzymes with the parameters grt s20, a rt s1, and0 0 0
t rt s0.5 at low intensity of allosteric activation a rt s1 0 1 0
0.05. Time is measured in units of the duration t of single0

Ž .molecular cycle. The upper part a displays individual molec-
ular dynamics of 14 molecules which have been randomly
selected from the whole interacting population; the bottom

Ž .part a shows the respective number of product molecules in
Žthe compartment as function of time for this reaction time is

measured in units of the duration t of single molecular0
. Ž .cycle . The histogram b displays the typical distribution of

enzyme molecules over different cycle phases at a fixed time;
the black peak at fs0 shows the number of enzyme molecules
in the free initial state, waiting to bind a substrate.

The products decay with the probability g per
Ž .time step. The probability p m,m9 that m9 out

of m product molecules decay within a single
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time step is therefore given by the binomial dis-
tribution:

m! my m9m9Ž . Ž . Ž .p m9,m s g 1yg 11Ž .m9! mym9 !

Taking into account both production and decay
processes, the number of product molecules in
the reaction volume at the next time step is

N

Ž . Ž . Ž Ž . .m Tq1 sm T q d F T yK ym9Ý i 1
is1

Ž .12

where N is the total number of enzymes. The
number m9 of disappearing product molecules is

Žrandom; it obeys the probability distribution Eq.
Ž .. Ž .11 where msm T .

Below we present the typical results which are
obtained using this model under different as-
sumptions about the intensity of allosteric regula-
tion which is specified by the parameter a . As1
the initial condition in our simulations, we have
always chosen a state with random distributions
over the cycle phases and a small number of the
product molecules. The population consists of
Ns400 enzyme molecules.

Fig. 2 illustrates the kinetic regime of the reac-
Ž .tion in Eq. 1 when the intensity of allosteric

regulation is low and therefore the individual
molecular cycles are not correlated. The upper
part of Fig. 2a displays the individual activity of
14 enzymes which have been at random selected
among the entire population. The notations cor-
respond to those used in Fig. 1. The segments of
black lines indicate the intervals of time during
which a given enzyme has been found in its initial
state, waiting for the substrate binding event. The
elongated red-white-blue graphic elements show
the molecular catalytic cycles: the red color indi-
cates the molecular states of the substrate-en-
zyme complex, the white color shows the state
when the product molecule is being released, and
the blue color shows motion through the recovery
states, ending with the return of the molecule to
its initial state. The bottom part of Fig. 2a shows
the total number of the product molecules in the

compartment as function of time, which corre-
sponds to the above-presented molecular enzymic
dynamics. The time is measured in units of the
duration of a single molecular cycle t .0

Fig. 2b displays the histogram of the respective
distribution of the entire enzymic population over
different cycle phases, i.e. the number of enzyme
molecules which are found at a fixed time mo-
ment in the molecular states corresponding to
various values of the phase variable f. The same
color scheme as in Fig. 2a is used here to charac-
terize different enzymic cycle stages.

We see that, as can be expected in this case,
the cycles of individual enzymes are not corre-
lated. Since allosteric regulation is not effective,
binding of the substrate molecules occurs mainly
by spontaneous, non-activated events. The wait-
ing times are relatively long and therefore a sig-

Ž .nificant fraction N ) 150 of the enzyme0
molecules is found in the waiting state, as re-
vealed by the high peak at fs0 in Fig. 2b. The
active molecules are almost uniformly distributed
over various cycle phases. The number of product
molecules in the compartment shows only ran-
dom statistical variations around a certain mean

Ž .level Fig. 2a, bottom ; the intensity of these
fluctuations agrees with the predictions of a sim-
ple Poissonian statistics for uncorrelated reaction
events.

The kinetic regime of this reaction is however
Ž .completely changed Fig. 3 when, while keeping

fixed all other reaction properties, we increase
the intensity of allosteric activation, specified by
the parameter a . Looking at the upper part of1
Fig. 3a, one can see that the enzymes are now
divided into two synchronously operating molecu-
lar groups, whose catalytic cycles are shifted by
approximately half a cycle period. These groups
synchronously release the product molecules and
therefore the dependence of the number of
product molecules in the compartment on time
Ž .Fig. 3a, bottom shows a sequence of sharp spikes.
The period of this sequence is twice shorter than
the molecular turnover time. Note that the life-
time of product molecules is short and therefore
all of them die before the next spike, caused by
synchronous generation by a different enzymic
group, appears. The two synchronous groups are
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Fig. 3. Coherent two-group molecular dynamics of the enzy-
Ž Ž ..matic reaction Eq. 8 at a higher intensity of the allosteric

activation a rt s0.5. The same notations and parameter1 0
values as in Fig. 2. Time is measured in units of the duration
t of single molecular cycle.0

clearly seen in the histogram of the distribution
over cycle phases in Fig. 3b. We see also in this
histogram that the number of enzymes in the

Ž .waiting state is now much smaller N -15 , which0
is a consequence of strong mutual allosteric acti-
vation.

Our analysis has revealed that the properties of
the coherent reaction kinetics, realized at high
intensities of allosteric regulation, significantly
depend on the parameters of a single molecular
cycle. By varying the relative time moment t 1

Fig. 4. Synchronous molecular dynamics of the entire enzymic
population at t rt s0.2 and the same other parameters as1 0
in Fig. 3. Time is measured in units of the duration t of0
single molecular cycle.

inside a cycle, at which the product molecule is
released, but keeping the total cycle duration
t st qt constant, different kinetic regimes0 1 2
can be obtained. The behavior seen in Fig. 3 is
realized when t st s0.5 t and therefore the1 2 0
product is released at the middle of a cycle.

As an example, Fig. 4 shows the kinetic regime
which is found for the same reaction when the
products are released soon after the cycle initia-
tion, but their release is followed by a relatively

Ž .long recovery time t s0.2 t , t s0.8 t . We1 0 2 0
see that now the enzymes form a single coherent
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Ž .group Fig. 4a, top which yields spiking in the
number of product molecules at a period close to

Ž .the molecular turnover time Fig. 4a, bottom .
Remarkably, the life-time of product molecules is
still much shorter than the cycle period. Indeed,
almost all product molecules which were formed

Ž .in a spike still die Fig. 4a, bottom before the
next product generation arrives. The distribution
over cycle phases is in this case relatively wide
Ž .Fig. 4b . When the precursor part of the group
reaches the state where the product molecules
are generated, the released product molecules
activate the cycles of the rest of the group, termi-
nating their waiting states.

Depending on the value of the ratio of t to1
t , the regimes with different numbers of syn-0

Ž w x.chronous groups can be observed see 5 . Re-
cently we have developed the mean-field theory
of the considered reaction and, by analyzing the
stability of the asynchronous kinetic regime, have
determined the bifurcation diagram which allows
one to predict the number of coherent groups

and the threshold of the transition to coherent
Ž .molecular dynamics to be published . This bifur-

cation diagram is shown in Fig. 5.
Thus, by analyzing a simple example of the

Ž Ž ..product activated allosteric reaction Eq. 8 in a
Ž Ž ..small compartment, when the conditions Eq. 7

of a molecular-network regime are satisfied, we
have found that, for the higher intensities of
allosteric regulation, this reaction undergoes a
spontaneous transition to a coherent regime. In
this regime, the entire enzymic population forms
several synchronously operating groups which re-
peatedly activate the cycles of each other. More-
over, the analysis has revealed that the exact
structuring of a population and the properties of
the emerging coherent regime are strongly de-
termined by the details of individual molecular
cycles. By fluctuations, enzyme molecules can
switch between the groups. Therefore, the num-
bers of molecules in each of the coherent groups
are not exactly equal and statistically vary with
time.

Ž Ž ..Fig. 5. The bifurcation diagram for the dynamical instability leading to spiking in the reaction Eq. 8 for Ns1000 enzymes and
the reaction parameters a rt s1 and grt s20. Spiking with different numbers of coherent molecular groups develops when the0 0 0
boundaries shown in the figure are crossed while moving up from the region of low intensity of the allosteric activation a rt at a1 0

Ž . Ž .constant ratio t rt . The boundaries correspond to the onset of spiking with two groups red curves , three groups green curves ,1 0
Ž . Ž .four groups blue curves , five groups brown curves . The black curves indicate the onset of synchronous spiking of the whole

population.
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Ž .Fig. 6. Time-dependent integral activity u t of 10 selected networks in an ensemble of 100 identical networks each consisting of 50i
Ž . Ž . Ž .neurons for different intensities of global coupling, corresponding to a dynamical clustering es0.35 and b complete

Ž .synchronization es0.5 . Synchronous signals are indicated by the same colors. Random initial conditions, random choice of
synaptic connection weights inside a network.

This analysis included a number of simplifica-
tions. For instance, we have neglected possible
fluctuations during motion over the internal
molecular reaction coordinates which would lead
to a statistical dispersion in the durations of indi-
vidual molecular cycles. Such fluctuations can

easily be incorporated in the model. Our analysis
shows that the coherent behavior may persist
even when the dispersion of individual turnover
times is so strong that it is comparable with its
mean value.

We have already generalized our model to take
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into account a possibility that the regulatory
product molecules spend a longer time, bound to
the enzymes, and are thus removed from the
solution. Moreover, variations in the substrate
concentration in the compartment have also been
taken into account. As will be shown in a separate
publication, these effects do not eliminate the
transition to coherent molecular dynamics, but
only change its quantitative properties. Moreover,
spiking in small compartments has also been

Žfound by us in the case of allosteric inhibition to
.be published .

4. Coherence in coupled dynamical networks

In the previous section, we have shown how a
network formed by an allosterically activated re-
action can operate in the coherent mode. This
network was very simple: the product of any en-
zyme could trigger the catalytic cycle of any other
enzyme molecule. The biochemical networks of a
living cell are much more complicated. Each of
them can include various kinds of enzymes and
regulatory molecules. Moreover, the same regula-
tory molecules can play an activatory role for
some of the enzymes and inhibit the activity of
the others. Different molecular networks can be
cross-coupled, forming a larger supernetwork.
Therefore, there is a question whether synchro-
nization and coherent collective dynamics are also
possible in the complex networks or in their en-
sembles.

We approach this question below by consider-
ing the collective dynamics in the ensemble of
cross-coupled idealized neural networks. A for-

w xmal neuron 19 is an automaton that can change
its activity in response to signals arriving from
other neurons. A network consists of a set of such
elements linked through activatory or inhibitory
connections. The dynamics of a network with
arbitrary asymmetric connections is typically
characterized by an irregular sequence of com-
plex activity patterns. Hence, we can see that the
model of a neuron network has some common
properties with the molecular networks which are
investigated in this paper. If synchronization is
possible in an ensemble formed by such networks,

it appears probable when cross-coupled molecu-
lar networks are considered.

We have analyzed by means of numerical simu-
lations the collective behavior in ensembles con-
sisting of a large number of identical neural net-
works, where the connection weights between
neurons and their signs have been chosen at
random.

The collective dynamics of the ensemble is
described by the following algorithm. Each of N
identical networks in the ensemble consists of K
neurons. At the next discrete time moment tq1,
the activity x i of a neuron ks1 . . . K belongingk
to a network is1 . . . N is

N
i i jŽ . Ž . Ž . Ž .x tq1 s 1ye u h qeu h 13Ýk k kž /js1

where

K
i iŽ .h s J x tÝk k l l

ls1

is the signal arriving to this neuron from all other
elements of the same network, J are the con-k l

Ž .nection weights the same for all networks , and
Ž . Ž .u z is a sigmoidal function, such as u z s0 for

Ž .z-0 and u z s1 for z)0.
Ž .The two terms in the right side of Eq. 13 have

a clear interpretation. The first of them repre-
sents the individual response of a neuron to the
total signal received from all other elements in its
own network. The second term depends on the
global signal obtained by summation of individual
signals received by neurons occupying the same
positions in all networks of the ensemble. The
parameter e specifies the strength of global cou-

Ž .pling. When global coupling is absent es0 , the
networks forming the ensemble are independent.
On the other hand, at es1 the first term van-
ishes and the states of respective neurons in all
networks must be identical since they are com-
pletely determined by the same global signal. For
0-e-1, the ensemble dynamics is governed by
an interplay between local coupling inside the
networks and global coupling between them.
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We have found that this model exhibits, under
increasing the global coupling intensity, a sponta-
neous transition to a coherent collective behavior.
Such a transition is characterized by formation of
the coherent network clusters followed by com-
plete synchronization of all networks in the en-
semble. It takes place already at low intensities of
global coupling and is observed under an ar-
bitrary choice of the connection weights in ele-
mentary networks and for random initial condi-
tions. In our numerical simulations we have usu-
ally taken 100 networks, each consisting of 50
neurons.

Fig. 6 shows the typical results of these simula-
tions. The integral time-dependent activity

K
iŽ . Ž .u t s x tÝi k

ks1

of 10 selected networks in the ensemble is dis-
Žplayed here this presentation is reminiscent of

the EEG records where the signal coming from
each electrode is an average of the neural activity

.in the respective brain area . The dynamical pat-
terns of network activity are always very irregular.
However, depending on the intensity of coupling
between the networks, a varying degree of coher-
ence can be discerned in these patterns.

At a low coupling intensity, the activity of dif-
ferent networks is not coherent. When, however,
a larger intensity of coupling is chosen, the be-
haviour of the ensemble is qualitatively changed.
As time goes on, the activity signals generated by
some of the networks suddenly become exactly
identical. Eventually, the whole ensemble breaks
down into several coherent clusters, so that for all
networks belonging to the same cluster the total

Žactivity is the same at all times the identical
signals generated by networks from the same

.cluster are shown with the same color in Fig. 6a .
Ž .At higher intensities of global coupling Fig. 6b ,

the activity of all networks in the ensemble be-
comes coherent. Quite remarkably, the coherent
signals are still very complex and apparently
chaotic.

The robustness of synchronization in coupled
neural networks, which has been observed under

an arbitrary choice of activatory and inhibitory
connections between neurons and for the net-
works and ensembles of different sizes, may serve
as an indication that the coherent dynamics is
typical for the networks of various origins, includ-
ing the biochemical molecular networks which
are considered in this paper. Further statistical
study of the synchronization phenomena in en-
sembles of coupled neural networks will be re-

w xported in a separate publication 20 .

5. Conclusions and outlooks

Our analysis puts forward a task of experimen-
tal observation of coherent molecular dynamics in
allosterically regulated enzymatic reactions. Of
course, turning from simple idealized models to
real biochemistry brings new questions and prob-
lems. Most of them are related to the fact that
until now the molecular dynamics of a single
catalytic cycle of an enzyme molecule has not
been well studied. It is not clear what are the
statistical variations of turnover times of different
enzymes and which physical properties may con-
trol these variations. The recovery time needed by
an enzyme molecule to return to the initial state
after releasing a product has never been experi-
mentally investigated, though it plays an impor-
tant role in determining the mode of coherent
dynamics. Moreover, the molecular details of the
allosteric regulation are also uncertain. The addi-
tional difficulties are caused by the condition that
experiments should be performed for reactions in
small micrometer-size compartments and would
involve only hundreds or thousands of enzyme
molecules. Nonetheless, the rapid progress of ex-
perimental methods may make such experiments
feasible in the near future.

An experimental observation of coherent
molecular dynamics would not only yield a proof
that such processes are possible in real systems,
including the living cells. They would also provide
a new tool for investigating the details of individ-
ual molecular cycles by taking a population of
enzyme molecules and synchronizing their indi-
vidual dynamics.

In Section 1 we have compared a living cell
with a large industrial factory where thousands of
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interconnected assembly lines are running in par-
allel to make a great variety of products. Some of
these assembly lines may operate in the syn-
chronous mode, while the operation of others can
be asynchronous.

The employment of synchronous network orga-
nization has several important advantages. It can
lead to a significant increase in the production
efficiency of a reaction, as compared with its
output in the usual non-correlated kinetic regime.
Moreover, the coherent molecular networks are
much more flexible in the functional sense. We
have seen in Section 3, where a single product-
activated enzymatic reaction was considered, that
the same reaction can exhibit different forms of
dynamic organization depending on the parame-
ters of individual molecular cycles. The entire
enzymic population breaks into several syn-
chronously operating groups which activate one
another.

These groups build, on the basis of the same
underlying molecular network, various functional
networks where each node is formed by a group
of coherently operating elements and the links
between the nodes indicate interactions between
different functional groups. This phenomenon of
emergent functional self-organization of a molec-
ular network would become even more complex
and significant when the networks consisting of
several kinds of enzymes and comprising both
activatory and inhibitory interactions are con-
sidered.

The networks operating in a coherent dynamic
mode generate periodic spikes of product
molecules. The presence of such frequency gener-
ators inside a cell may be important because they
can be used to externally synchronize other reac-
tions, if the product molecules of a coherently
operating network are used as substrate or regu-
latory molecules for these other reactions. Switch-
ing of the generator frequency can then control a
transition to a different organization mode of the
larger biochemical system.

Furthermore, not only the frequency but also
the phase difference are important for controlling
the coherent molecular dynamics. Indeed, when a
short intensive spike of regulatory molecules ar-

rive, it can execute its regulatory action only if
the respective enzyme molecules are found at this
time in that part of their molecular cycles where
they are responsive to a regulation. For the com-
plicated branched reaction schemes it might mean
that the same reaction would yield different kinds
of final products depending on the fine phase
tuning, if this reaction is operating in the non-
classical regime of a molecular network. These
arguments show that self-organizing molecular
networks can play an important role in the molec-
ular biology of a cell.
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